Spectral Analysis Demo
#  Read and plot the data

alafia=read.table("alafia_river.txt", header = T)

ym=alafia$year+alafia$mo/12

plot(ym,alafia$mgal,type="l",xlab="Year",ylab="mgal")

title("Alafia River Streamflow")

#  Compute monthly means

fmave=rep(0,12)  # this just sets aside space

for (i in 1: 12){

fmave[i]=mean(alafia$mgal[alafia$mo==i])

}

plot(1:12,fmave,type="l", ylab="Mean flow mgal",xlab="Month",ylim=c(0,15000),xaxs="i",yaxs="i",xlim=c(0,13))

points(1:12,fmave,pch=20)

axis(1,at=1:12,labels=c(1:12))

title("Alafia River Monthly Mean Streamflow")

# Part 1  Fourier Representation using discrete finite domain sin and cos functions

z=fmave

#  applying equation (S3)

n=length(z)
a=rep(0,n/2)   
b=rep(0,n/2)

t=1:length(z)
for(k in 1:6)

{a[k]=2*sum(z*cos(2*pi*k*t/n))/n

b[k]=2*sum(z*sin(2*pi*k*t/n))/n

}

a[6]=a[6]/2     # sum(z*cos(2*pi*6*t/n))/n

a0=sum(z)/n

k=1:(n/2)
plot(k,a,type="h")

lines(k,rep(0,length(k)))

plot(k,sqrt(a*a+b*b),type="h")

lines(k,rep(0,length(k)))

# Plotting individual terms

k=1  # k=2
ak=a[k]*cos(2*pi*k*t/n)

bk=b[k]*sin(2*pi*k*t/n)

plot(t,z-mean(z),type="l",lwd=3)

lines(t,ak)

lines(t,bk)
lines(t,ak+bk,lwd=2,col=2)
#  Adding together to reproduce original series

zc=rep(0,12)

k=1:6

for(t in 1:12)

{ zc[t]=sum(a*cos(2*pi*k*t/n)+b*sin(2*pi*k*t/n))}
t=1:12

plot(t,z-mean(z),type="l",lwd=3)

lines(t,zc,col=3)

#  Part 2.  Complex number representation

t=1:12

c=complex(12)   #  Here adopt the convention that c[1] corresponds to k= -5 through c[12] to k=6, i.e. offset by 6

for(k in -5:6){

c[k+6]=sum(z*exp(-1i*2*pi*k*t/n))/n}
k=-5:6

plot(k,Re(c),type="h")

lines(k,rep(0,length(k)))

plot(k,Im(c),type="h")

lines(k,rep(0,length(k)))

plot(k,abs(c),type="h")

lines(k,rep(0,length(k)))

# Notice that k=0, 1, 2 terms dominate, i.e. have the greatest coefficients

#  Reconcile how the c, a and b terms relate.
#  Reconstruction

zc=rep(0,12)

k= 0
for(t in 1:12){

zc[t]=sum(c[k+6]*exp(1i*2*pi*k*t/n))}

t=1:12

plot(t,z,type="l",lwd=3)

lines(t,zc)

k=-2:2
for(t in 1:12){

zc[t]=sum(c[k+6]*exp(1i*2*pi*k*t/n))}
t=1:12

plot(t,z,type="l",lwd=3)

lines(t,zc)

k=-5:6

for(t in 1:12){

zc[t]=sum(c[k+6]*exp(1i*2*pi*k*t/n))}
t=1:12

plot(t,z,type="l",lwd=3)

lines(t,zc)

#  R built in function
cfft=fft(z)

cfft

cfft/12

fft(c(z[12],z[1:11]))/12
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# Full record Work

z=alafia$mgal[1:(70*12)]    #  

#  applying equation (S3)

n=length(z)
a=rep(0,n/2)   
b=rep(0,n/2)

t=1:length(z)

for(k in 1:(n/2))

{a[k]=2*sum(z*cos(2*pi*k*t/n))/n

b[k]=2*sum(z*sin(2*pi*k*t/n))/n

}

a[n/2]=a[n/2]/2     # sum(z*cos(2*pi*6*t/n))/n

a0=sum(z)/n
k=1:(n/2)
rp= sqrt(a*a+b*b)

plot(k,rp,type="h")

lines(k,rep(0,length(k)))

To add a frequency axis
w=2*pi*k/n

lp=(0:6)/12*n
axis(3,at=k[lp],labels=round(w[lp],3))

mtext("w",line=2)

rp[68:72]   # Span the 1 year cycle

rp[138:142]   # Span the first harmonic

# Using built in functions

ck=fft(z)

k=0:(n-1)
plot(k, (Mod(ck)/n),type="h",ylab="ck",xlab="k")
# Omit the mean term

plot(k[2:n], (Mod(ck[2:n])/n),type="h",ylab="ck",xlab="k")
rk=2:(n/2)
plot(k[rk], (Mod(ck[rk])/n),type="h",ylab="ck",xlab="k")
w=2*pi*k/n

lp=(0:6)/6*n
axis(3,at=k[lp],labels=round(w[lp],3),xlab="w")
Comparing individual terms

Mod(ck[141])/840     # shift by 1 due to the first term being the mean term
# [1] 1643.712

rp[140]

# [1] 3287.424

rp[140]/2

#  [1] 1643.712
# Parseval's theorem

var(z)

sum(rp*rp)/2

sum(Mod(ck[-1]/840)^2)

n

var(z)*(n-1)/n

sum(rp*rp)/2+rp[n/2]*rp[n/2]/2  #  Adding back half of the last term that should not have been halved
# Raw power spectrum

wp=w[1:(n/2)]

plot(wp,rp^2,type="h")

# smoothing

ns=40

sf=rep(0,ns)   #  To contain periodogram averages

wmid=((0:(ns-1))+0.5)/ns*pi

kbound=((0:ns)/ns)*(n/2)+1

k=1:n

for(i in 1:ns){

sf[i]=mean((rp*rp/2)[ (k>kbound[i]) & (k<=kbound[i+1]) ])}

plot(wmid,sf,type="l")
# Raw power spectrum and smoothed spectrum

plot(wp,rp^2,type="h")

lines(wmid,sf)

plot(wp,rp^2,type="h",log="y")

lines(wmid,sf)

#  Built in Spectrum

spectrum(z,spans=c(5,7,12,20))
spectrum(z,spans=c(5,7,50,200))
tt=spectrum(z,spans=c(5,7,12,20),plot=F)
lines(tt$freq*2*pi,tt$spec/(n/2),col=3,lwd=3)
# Fourier transform of ACF  
L=60
tt=acf(z,type="covariance",lag.max=L,plot=F)[[1]]

acfft=fft(tt)/L
sfacf=(Re(acfft)/(2*pi))[2:((L/2)+1)]

lines((1:(L/2))*2*pi/L,sfacf,col=2,lwd=3)
# In the above should really use a taper on the ACF in the time domain
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