CEE6110 Probabilistic and Statistical Methods in Engineering

Homework 2.  Random Variables and Their Properties
Solution

1. (Based on KR problem 3.1).  Sea Waves.  The pmf of the observed number of days per month of high-amplitude waves acting on a sea pier is given below.

	X=
	0
	1
	2
	3
	4
	5
	6
	≥7

	PX(x)
	0.28
	0.22
	0.18
	0.13
	0.09
	0.06
	0.03
	0.01


a) Determine the population values of expected value, standard deviation, variance and coefficient of skewness of X.  (Take the X≥7 category as X=7 for the purposes of these calculations)

MATLAB solution.  This document is a matlab notebook, so if you open it with a computer that has matlab you should see a 'notebook' menu above that lets you execute the matlab commands in this notebook.  See the matlab help on notebook to learn how to do this.

x=[0 1 2 3 4 5 6 7];  
Px=[0.28
0.22
0.18
0.13
0.09
0.06
0.03
0.01];  
mu=sum(x .* Px)

pvar=sum(((x-mu).^2).*Px) 
psdev=sqrt(pvar)

pskew=sum(((x-mu).^3).*Px)/(psdev^3)  
mu =

    1.8800

pvar =

    3.0856

psdev =

    1.7566

pskew =

    0.7920  

b) Develop a matlab simulation function that can simulate the number of high wave days in each of a specified number of months (i.e. the random variable X).  Use this function to simulate sets of months comprising the following number of months:

5 months

10 months

20 months

50 months

100 months

500 months

For each set evaluate the sample mean and standard deviation of X.  Plot a graph of sample mean and sample standard deviation versus number of months.

wave.m 

% matlab function to simulate the number of days of high sea waves according to the PMF in 

% Kottegoda and Rosso problem 3.1 

function xs=wave(n)

% Initialize

xs=zeros(n,1);

px=[0.28 0.22 0.18 0.13 0.09 0.06 0.03 0.01];

x=0:7;

CDFx=cumsum(px);

for i=1:n

   xs(i)=x(find(CDFx > rand(1),1));

end

ns=[5 10 20 50 100 500];

for i=1:length(ns)

n=ns(i);

xsim=wave(n);

xs(i,1:length(xsim))=xsim;

end;

for i=1:length(ns)

n=ns(i);

smean(i)=mean(xs(i,1:n));

ssdev(i)=std(xs(i,1:n));

end

plot(ns,smean)

xlabel('Sample size')

title('Sample mean')  
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 plot(ns,ssdev)

xlabel('Sample size')

title('Sample Standard Deviation')  
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c) Share and discuss your results of (b) with those of other students in the class.  Obtain results from at least two other students and add their data to your plot of sample mean and sample standard deviation versus month.  Explain the results.

%Lets generate multiple realizations and evaluate the mean and std deviations

nr=20;   % Number of realizations

smeanr(1,:)=smean;   %  Keep track of mean and std deviation from above

ssdevr(1,:)=ssdev;  

for ir=2:nr;  % Generate nr-1 new simulations

for i=1:length(ns)

n=ns(i);

clear xsim;

xsim=wave(n);

smeanr(ir,i)=mean(xsim);

ssdevr(ir,i)=std(xsim);

end;

end;

plot(ns,smeanr(1,:))

xlabel('Sample size')

title('Sample mean')

for ir=2:nr

line(ns,smeanr(ir,:));

end;  
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 plot(ns,ssdevr(1,:))

xlabel('Sample size')

title('Sample Standard Deviation')

for ir=2:nr

line(ns,ssdevr(ir,:));

end;  
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Notice how the sample estimates vary quite a lot for small sample sizes, but for the larger sample sizes cluster closely around the population values which for the mean is 1.88 and for standard deviation is 1.76

d) Compute the sample skewness coefficient for your sample of size 50, 100, 500 using equation 1.2.10.   Compare your results to the population value calculated in part (a).

Sample skewness using KR eqn 1.2.10

n=[50 100 500];

for i=1:length(n)

xn=xs(i+3,1:n(i));  % the loop is repeated for sample size 50, 100 and 500
mn=mean(xn);

sn=std(xn,1);   % Use the divide by n std dev estimator for consistency % with KR

sskewn(i)=sum((xn-mn).^3)/(n(i)*sn^3);

end

sskewn  
sskewn =

    1.0075    0.7092    0.8041  

Notice that as the sample size increases the estimate gets closer to the population skewness value of 0.792 obtained above.
2.  The probability distribution of annual flow in a river is approximated as a triangular distribution given by the following figure.
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a) Estimate the parameter a, the probability density of the mode.


From the probability laws, the area under the curve must be equal to one.

i.e 
Area of triangle A + Area of traingle B = 1
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 is the probability density of the mode.

b) Estimate the mean annual flow, E[Q].  In the work below x represents the annual flow Q.
The PDF function, fX(x) can be constructed as two line functions (of the form y=mx +c) representing the ranges 100 – 400 m3/s and 400-1000 m3/s.
For the first line;

y=0 when x= 100, therefore  

0 = m1 *100 + c1

















(1)

and y= a=0.0022 when x=400 will give

0.0022 = m1*400 + c1
















(2)
Solving Equation (1) and (2) will give

m1= 0.0022/300  and c1= -0.0022/3
i.e 
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(3)
Similarly, for the second line equation in between the range 
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y=0.0022 when x= 400 => 0.0022 = m2 *400+c2  and

y=0 when x=1000 => 0=m2*1000+c2


Solving the above two equations for m2 and c2 will result in
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    (4)

and 
fX(x) = 0 elsewhere

















(5)

Equation 3, 4 and 5 define the probability density function of the assumed triangular distribution of the annual flows.
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E[Q]=
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E[Q]= 495 m3/s
c) Estimate the median annual flow.


Median is the probability of non exceedence of 0.5.


FX(x) = 0.5 = area of triangle A +
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Note that, if the area of triangle A ≥0.5, there was no need for the second term and we would have intergrated Equation 3 between the limits 100 –u.
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Simplifying,
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(6)

u is obtained by soving the quadratice equation given by Equation 6

u is given by,
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We will get two values of u that satisfy Equation 6.

u=483.02 or 1517

Since 1517 is out of the range (PDF at x=1517 is equal to 0), u=483.02

The medain of the distribution = 483.02 m3/s.

d) Estimate the standard deviation of the annual flow Q.

We will first evaluate var[Q] given by 

var[Q] = E[Q2]-(E[x])2
where E[Q2] is given by,

E[Q2]=
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=282150 

Var[x]=E[Q2]-(E[Q])2 = 282150 - 4952 = 37125 m6/s2
The standard deviation of Q= square root of Var[x]= 192.7 m3/s

e) Evaluate and plot the cumulative distribution function of Q.


[image: image28.wmf]ò

÷

ø

ö

ç

è

æ

-

=

x

100

X

dx

3

0.0022

x

300

0.0022

)'

x

(

F

 



=
[image: image29.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

-

÷

÷

ø

ö

ç

ç

è

æ

-

100

3

0.0022

2

2

100

300

0.0022

x

3

0.0022

2

2

x

300

0.0022


















     







for 
[image: image30.wmf]400

x

100

£

£






























..(7)

and
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..(8)
x= [100:50:1000];%assign values for x, where we will evaualte the FX(x)

temp1=(((0.0022*100^2)./600)-(0.0022*100)./3);

%temp1 is the constant second term in Equation 7 above

temp2= (-0.0022*400^2)./1200 + (0.022*400)./6;

%temp2 is the constant second term in Equation 8 above

temp = ((0.0022*400^2)./600 - (0.0022*400)./3);

temp=temp - ((0.0022*100^2)./600 - (0.0022*100)./3);
%temp is the area of the triangle A

%Loop over the x values and use the appropriate equations for the ranges

for i = 1:length(x)


if x(i) <= 0 



FX(i)=0;

elseif x(i) <= 400

FX(i) =( ((0.0022*x(i)^2)./600)-(0.0022*x(i))./3)-temp1;
else

FX(i) = temp+((-0.0022*x(i)^2)./1200 + (0.022*x(i))./6)-temp2;

end
end

plot(x, FX)%plot the CDK
title('The CDF of the annual flows, Q')

xlabel('Annual flows m^3/s')
ylabel ('F_X(x)')  
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In this problem, it is not required to evaluate FX for other points because they are linear between the ranges considered.

3. The file 'Bear_datasets_month.txt' (linked on the web site) contains precipitation, temperature and wind data over the Bear River Watershed extracted from the data compiled by Maurer, E. P., A. W. Wood, J. C. Adam, D. P. Lettenmaier and B. Nijssen, (2002), "A Long-Term Hydrologically Based Dataset of Land Surface Fluxes and States for the Conterminous United States," Journal of Climate, 15: 3237-3251. 

a)  Extract from this data precipitation for the month of January.  Plot a histogram of this data.

tt=textread('Bear_datasets_month.txt','','headerlines',6);

precmon=tt(find(tt(:,2)==1),4);

hist(precmon)

xlabel('mm')

title('January Precipitation')  
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b)  Assume that a gamma distribution is appropriate for modeling this data.  Estimate the parameters of a gamma distribution using the method of moments.  Plot this distribution in comparison to the histogram

The gamma distribution is given by
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  for x ≥ 0

The parameters are related to the moments through
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mu=mean(precmon)

sdev=std(precmon)

cv=sdev/mu

r=1/cv^2

lambda=r/mu  
mu =

   55.2901

sdev =

   28.0799

cv =

    0.5079

r =

    3.8771

lambda =

    0.0701  

x=0:20:160;

xh=x+10;

[n]=histc (precmon,x);

bar(xh,n/length(precmon)/20,1)   % Density

x=0:160;

gamx=(lambda^r)*(x.^(r-1)).*exp(-lambda*x)./gamma(r);

line(x,gamx)  
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c)  Develop a matlab function to evaluate the likelihood function for the gamma distribution given this data.  Evaluate the likelihood function for the method of moments parameters estimated in (b).

The likelihood is the product of the density at each sample point.  I evaluated log liklihood first using sums.

x=precmon;

g=(lambda^r)*(x.^(r-1)).*exp(-lambda*x)./gamma(r);

loglik=sum(log(g))
lik=exp(loglik)
loglik =

 -245.0248

lik =

  3.8644e-107loglik =
 -245.0248

lik =

  3.8644e-107
e) Consider the method of moment parameters estimated in (b) as a point of reference (ro,(o) and evaluate the likelihood function for parameters from a grid of values around this reference point.

% Keep the reference values from the method of moments solution above

r0=r;

lambda0=lambda;

% Define ff as a set of multipliers to obtain the parameters r and lambda relative to the reference method of moments values

ff=[0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2];  

rs=ff*r0;

lambdas=ff*lambda0;

for i=1:length(lambdas)

for j=1:length(rs)

r=rs(j);

lambda=lambdas(i);

gamx=(lambda^r)*(x.^(r-1)).*exp(-lambda*x)./gamma(r);

loglik(i,j)=sum(log(gamx));

lik(i,j)=exp(loglik(i,j));

end

end

loglik  
loglik =

 -244.9852 -245.1658 -246.0388 -247.5601 -249.6907 -252.3962 -255.6457 -259.4115 -263.6685

 -245.2876 -244.8571 -245.1190 -246.0292 -247.5487 -249.6431 -252.2814 -255.4361 -259.0820

 -246.1492 -245.1425 -244.8282 -245.1622 -246.1055 -247.6237 -249.6859 -252.2644 -255.3341

 -247.5093 -245.9576 -245.0983 -244.8872 -245.2855 -246.2587 -247.7759 -249.8093 -252.3341

 -249.3167 -247.2480 -245.8716 -245.1435 -245.0248 -245.4809 -246.4810 -247.9974 -250.0051

 -251.5280 -248.9674 -247.0992 -245.8793 -245.2687 -245.2330 -245.7413 -246.7659 -248.2817

 -254.1053 -251.0758 -248.7387 -247.0498 -245.9703 -245.4657 -245.5050 -246.0606 -247.1075

 -257.0162 -253.5386 -250.7534 -248.6165 -247.0889 -246.1361 -245.7274 -245.8349 -246.4337

 -260.2324 -256.3257 -253.1115 -250.5455 -248.5889 -247.2072 -246.3694 -246.0479 -246.2177  
	 
	0.8
	0.85
	0.9
	0.95
	1
	1.05
	1.1
	1.15
	1.2

	0.8
	-244.99
	-245.17
	-246.04
	-247.56
	-249.69
	-252.4
	-255.65
	-259.41
	-263.67

	0.85
	-245.29
	-244.86
	-245.12
	-246.03
	-247.55
	-249.64
	-252.28
	-255.44
	-259.08

	0.9
	-246.15
	-245.14
	-244.83
	-245.16
	-246.11
	-247.62
	-249.69
	-252.26
	-255.33

	0.95
	-247.51
	-245.96
	-245.1
	-244.89
	-245.29
	-246.26
	-247.78
	-249.81
	-252.33

	1
	-249.32
	-247.25
	-245.87
	-245.14
	-245.02
	-245.48
	-246.48
	-248
	-250.01

	1.05
	-251.53
	-248.97
	-247.1
	-245.88
	-245.27
	-245.23
	-245.74
	-246.77
	-248.28

	1.1
	-254.11
	-251.08
	-248.74
	-247.05
	-245.97
	-245.47
	-245.51
	-246.06
	-247.11

	1.15
	-257.02
	-253.54
	-250.75
	-248.62
	-247.09
	-246.14
	-245.73
	-245.83
	-246.43

	1.2
	-260.23
	-256.33
	-253.11
	-250.55
	-248.59
	-247.21
	-246.37
	-246.05
	-246.22


Determine the maximum likelihood estimates of parameters as those that maximize the likelihood within the grid evaluated.

The maximum likelihood value within this grid corresponds to 

r=0.9*r0 

lambda=0.9*lambda0  
r =

    3.4894

lambda =

    0.0631  

e)  Plot a graph comparing the histogram of the January precipitation with Method of Moments and Maximum likelihood gamma distributions fit to this data.

x=0:160;

hold on;

gamx=(lambda^r)*(x.^(r-1)).*exp(-lambda*x)./gamma(r);

line(x,gamx,'color','red') 

legend('histogram','Moments','Max likelihood') 

[image: image40.emf]10 30 50 70 90 110 130 150 170

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

histogram

Moments

Max likelihood

  

It is also interesting to examine the likelihood measure over the space of parameters r and lambda around its minimum value.

hold off;

x=precmon;

ff=0.5:0.01:1.5;

rs=ff*r0;

lambdas=ff*lambda0;

for i=1:length(lambdas)

for j=1:length(rs)

r=rs(j);

lambda=lambdas(i);

gamx=(lambda^r)*(x.^(r-1)).*exp(-lambda*x)./gamma(r);

loglik(i,j)=sum(log(gamx));

lik(i,j)=exp(loglik(i,j));

end

end

[rm,lm] = meshgrid(rs,lambdas);

v=[-260:0.5:(-234) -233.8:0.2:-232];

contour(rm,lm,loglik,v)

xlabel('r')

ylabel('lambda')  
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Note that the optimum is at r=3.49 and lambda=0.063 consistent with what we obtained above.  

dfittool:
The matlab tool named dfittool can be used to fit different theoritical distributions to the data.  This can be used to test which distribution best fits the data.
Start the tool by entering dttool at the command prompt. 

>>dfittool

A new window interface shows up. Click the data button and select the appropriate data to fit.  See the help file for using this tool.  For this example, normal and gamma distributions are fit to the data using dfittool. The following figure shows the normal and gamma distribution fit to the data.  
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Figure 1: Normal and Gamma fit to the January precipitation data.
The dfittool gives the measures of the fit (likelihood value) and other staistics for each distribution.  The following figures (2 and 3) show the windows with the relevant statistics of the fit given by the dfittool.  Note that the likelihood value of the gamma distribution is similar to the one evaluated before.  It is also higher than the likelihood value for the normal distribution suggesting that gamma distribution better represents the January precipiation data.
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Figure 2: Distribution statistics from the Gamma distribution
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Figure 3: Distribution statistics form the normal distribution
A





B








PAGE  
5

_1218999268.unknown

_1220353264.unknown

_1220353396.unknown

_1220388110.unknown

_1220388302.unknown

_1220388098.unknown

_1220353400.unknown

_1220353346.unknown

_1220353393.unknown

_1220353333.unknown

_1219001896.unknown

_1219003397.unknown

_1219003689.unknown

_1219002346.unknown

_1219001958.unknown

_1219001872.unknown

_1218999286.unknown

_1218997438.unknown

_1218998232.unknown

_1218998977.unknown

_1218997858.unknown

_1218977946.unknown

_1218992879.unknown

_1218993180.unknown

_1218994261.unknown

_1218977991.unknown

_1218949794.unknown

_1218977849.unknown

_1218949795.unknown

_1218949793.unknown

