Non parametric Density Estimation Example
[This document is a matlab notebook, so if you open it with a computer that has matlab you should see a 'notebook' menu above that lets you execute the matlab commands in this notebook.  See the matlab help on notebook to learn how to do this.  Functions that are given as *.m files will need to be saved to m files for these commands to work.]

San Juan River (Data from Tarboton, 1994)

Read the data and sum monthly flows to get annual flows in KAF (thousand acre feet).

sanjuan=xlsread('sanjuan.xls');

tt=sanjuan(:,1:12);

q=sum(tt,2);

yr=sanjuan(:,13);

plot(yr,q); xlabel('year'); ylabel('KAF'); title('San Juan Annual Streamflow');  
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Plot a histogram 

bin=150;

x=0:bin:2550;

xh=x+bin/2;

[n]=histc(q,x);

bar(xh,n,1,'FaceColor','none')   % histogram
xlabel('Streamflow KAF'); ylabel('count'); title('San Juan Annual Streamflow');    
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The histogram rescaled is a very simple density estimate.

bar(xh,n/length(q)/bin,1,'FaceColor','none')   % Density
xlabel('Streamflow KAF'); ylabel('density'); title('San Juan Annual Streamflow')  
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Matlab statistics toolbox function ksdensity provides a kernel density estimate.  Let's try it.

xi=0:10:3500;  % Specify the points at which we want the density function evaluated

[f,xi,w]=ksdensity(q,xi);

line(xi,f)  % Add line to existing graph

w   % w is the window width used by Matlab.  This is a Normal distribution reference according to the help file.  
w =

  273.6540
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Experiment with other window widths 

[f,xi,w]=ksdensity(q,xi,'width',100);

line(xi,f,'color','red')

%hold on

line(q,q.*0,'Linestyle','none','Marker','.','Markersize',14)

legend('','273','100')

legend('boxoff')  
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Note that the smaller window width results in a less smooth, more irregular curve.  There is a smoothness versus variability tradeoff that amounts to a bias-variance tradeoff in the estimate.

Now let's try a variable window width kernel density estimate based on nearest neighbors.  This is the estimator used in Tarboton, 1994.

Matlab function to evaluate Gaussian kernel

kg.m  
% Gaussian Kernel 

function k=kg(x)

k=exp(-x .* x ./2)/sqrt(2*pi);

end
Matlab function to evaluate variable window width kernel density estimate.

vbwden.m

% Function to evaluate a variable bandwidth KDE

function den=vbwden(xx,xi,h)

% xx is the input data

% xi are the locations where the density is evaluated

% h is thebandwidth for each data point, either a constant or vector

%

nx=length(xi);

np=length(xx);

kernelstosum=zeros(np,nx);

for i=1:np

   ktemp=kg((xi-xx(i))./h(i));

   kernelstosum(i,:)=ktemp./(h(i)*np);

end; 

den=sum(kernelstosum);   

Matlab function to evaluate nearest neighbor distances.

dknn.m

% Function to evaluate distance to kth nearest neighbor from point i

function dk=dknn(x,k,xt)

for i=1:length(xt)

for j=1:length(x)

    d(j)=abs(xt(i)-x(j));

end;

di=sort(d);

dk(i)=di(round(k));

end;

Evaluate the Silverman reference window width and number of nearest neighbors, k, to use.

np=length(q)  % Number of data points
alpha=0.9*np^(-0.2)*min(std(q),iqr(q)/1.34)  % Silverman equation 3.31
k=np^0.8  % Used by Tarboton 1994 based on suggestions from Lall.  
np =

    78

alpha =

  196.0432

k =

   32.6344  

Note that the Silverman reference window width of 196 is a bit less than the reference window width estimated by Matlab (273).  
dk=dknn(q,k,q);  % Nearest neighbor distances
h=dk*alpha/geomean(dk);  %variable window widths.  Note the scaling by geometric mean.  This scaling is missing in equation A2 in Tarboton, 1994.
fvar=vbwden(q,xi,h);

bar(xh,n/length(q)/bin,1,'FaceColor','none')   % Density

line(xi,fvar);
line(q,q.*0,'Linestyle','none','Marker','.','Markersize',14)

xlabel('Streamflow KAF'); ylabel('density'); title('San Juan Annual Streamflow')  
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Note that the variable window width estimate exposes the bimodality in the middle of the distribution while smoothing the tails.
Now lets implement the Least Squares Cross Validation approach given in Silverman pages 48-50 using Gaussian kernels

[image: image7.wmf]å

ò

-

-

=

i

i

i

2

o

)

X

(

f

ˆ

n

2

f

ˆ

)

h

(

M



(Silverman 3.35)
The first term, which I will refer to as the square term 'sqterm' is evaluated using Silverman 3.37
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In the above I have expressed K(2) in terms of the regular Gaussian kernel K with variance 2, i.e. standard deviation 
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.  

The second term in Mo(h) which I will refer to as the cross term 'xterm' is evaluated using Silverman 3.38
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The following Matlab function implements the LSCV score calculation

lscvscore.m

% Function to the LSCV score following Silverman pages 48-58

function moh=lscvscore(x,h)

% x is the input data

% h is the bandwidth

n=length(x);

sqterm=0;

xterm=0;

for i=1:n

    sqterm=sqterm+sum(kg((x-x(i))/(sqrt(2)*h)))/sqrt(2);   %  The sqrt(2) factors are for 

    % the K(2) term which is

    % equivalent to a kernel with variance of 2 that is the convolution of 2

    % gaussian kernels.  

    xterm=xterm+sum(kg((x-x(i))/h));

end;

sqterm=sqterm/(n*n*h);

xterm=2*(xterm/(n*(n-1))-kg(0)/(n-1))/h;

moh=sqterm-xterm;

[f,xi,w] = ksdensity(q,xi);  % This sets the variable w to the matlab reference

htry=(0.2:0.05:1.5).*w;   % Search over a range from 0.2 to 1.5 times the matlab reference

for i=1:length(htry)

    moh(i)=lscvscore(q,htry(i));

end

plot(htry,moh)  
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The optimum is at

hopt=htry(find(moh <=min(moh)))  
hopt =

  232.6059  

Plot the density function with this optimum.

bar(xh,n/length(q)/bin,1,'FaceColor','none')   % Density

[f,xi]=ksdensity(q,xi,'width',hopt);

line(xi,f)
line(q,q.*0,'Linestyle','none','Marker','.','Markersize',14)

xlabel('Streamflow KAF'); ylabel('density'); title('San Juan Annual Streamflow')  
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Note that this is slightly less smooth than the density estimate using Matlab's reference window width.
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