CEE6110 Probabilistic and Statistical Methods in Engineering

Homework 3.  Basic Probability Concepts 
Solution
Kottegodda & Rosso 2.1)

a) The sample space is expressed in terms of the total weight on the Balcony and the number of people on the balcony.  The possible sample values for total weight range from the minimum weight (50*n) to maximum weight (100*n) in increments of 25 kg, where n is the number of people. 
%Matlab Script to plot sample space, Kottegodda & Rosso problem 2.1a.
w=[50, 75,100];

for n = 0:20

    y= 50*n:25:100*n;

    x=zeros(length(y),1);

    x(:,1)=n;

    plot(x,y,'.');

    hold on;

end

xlabel('Number of people');

ylabel('Total Weight in kg')
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b) Event A={ there are more than 16 people in the balcony}

for n = 17:20

    y= 50*n:25:100*n;

    x=zeros(length(y),1);

    x(:,1)=n;

    plot(x,y,'*r');

    hold on;

end
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c) Event B={the total load on the balcony is 1500 kg}
x=15:1:20;

y=length(x);

y=1500;

plot(x,y,'.r');

hold on;

plot(x,y,'or');
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d) Event C={ there are more than 15 people of the maximum weight }

More than 15 people of the maximum weight means that there are at least 16 people that are 100 kg.  The total weight for 16 people is therefore 1600 kg.  If there are 17 people the first 16 are 100 kg and the next person can be 50, 75, or 100 so the total weight can be 1650, 1675, 1700.  The minimum total weight therefore increases in steps of 50 kg from 1600 with each additional person.  The following matlab script plots this set.

for n = 16:20

    y= ((100*16)+(n-16)*50):25:100*n;

    x=zeros(length(y),1);

    x(:,1)=n;

    plot(x,y,'.r');

    hold on;

    plot(x,y,'or');

    hold on;

end
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Kottegodda and Rosso 2.6)

a) 
Separate sample space
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Joint sample space
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b)A={ I1> 1m3/s}
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B={I2 ≥ 2 m3/s}
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C={I3 < 4 m3/s}
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2.6 c)
There are there demands with three states for each, therefore there are 33= 27 combinations of the demands.  The sample space is
S= ('(0,0,0)'    '(0,0,2)'    '(0,0,4)'     '(0,2,0)'    '(0,2,2)'    '(0,2,4)'    '(0,4,0)'    '(0,4,2)'    '(0,4,4)'    '(1,0,0)'     '(1,0,2)'    '(1,0,4)'    '(1,2,0)'    '(1,2,2)'    '(1,2,4)'    '(1,4,0)'    '(1,4,2)'    '(1,4,4)'    '(2,0,0)'     '(2,0,2)'    '(2,0,4)'    '(2,2,0)'    '(2,2,2)'    '(2,2,4)'    '(2,4,0)'    '(2,4,2)'    '(2,4,4)'}
Adding up all the demands the sample space for total demand can be written as,

S={ 0     2     4     2     4     6     4     6     8     1     3     5     3     5     7     5   7     9     2     4     6     4     6     8     6     8    10 }
Because of independence, each of these is equally likely. The number of times, S > 5 is 12. Then the probability that demand > 5 m3/s = 12/27 = 4/9.

Kottegodda & Rosso 2.9)
An intensity of 40mm/hr corresponds to 13.33 mm in 20 min.  In the 14 years of record below for a 20 min duration this depth was exceeded in 13 years (all years except 1985) so exceedence probability estimated using relative frequency is 13/14 = 0.93.   

	Maximum rainfall depth recorded at Genoa University, Italy (mm)

	
	Duration (min)

	Year
	5
	10
	20
	30
	40
	50
	60
	120
	180

	1974
	12.1
	19.5
	28.8
	30.5
	32.4
	35.5
	38.7
	48
	51.6

	1975
	10.1
	14.9
	26.7
	31.2
	34.7
	38.2
	40.2
	55
	56

	1976
	17.9
	20
	31.1
	37.2
	41.1
	51
	55.7
	67.1
	80.6

	1977
	20
	32.6
	52.6
	72.4
	90.1
	108.8
	118.9
	146.5
	157.3

	1978
	5.1
	13.6
	16
	21.3
	24.1
	24.6
	25
	40.7
	49.9

	1979
	20.5
	26.1
	36.3
	46.1
	49.3
	50.3
	55.6
	65.2
	90.1

	1980
	10
	15.7
	20.9
	25
	30.5
	38
	40.1
	58
	63.8

	1981
	12
	27.9
	47.9
	56
	70
	80
	89.4
	106.9
	114.2

	1982
	10
	14.4
	20
	23.3
	25.1
	26.4
	27.2
	34.3
	41.2

	1983
	10
	12.1
	17.3
	19.2
	22.1
	27.3
	32.7
	54.4
	66.5

	1984
	20.1
	32.8
	60
	65.7
	76.1
	92.8
	105.7
	122.3
	122.3

	1985
	7.6
	8.1
	13
	16.5
	21.6
	25.3
	25.3
	27
	32.3

	1986
	8.7
	11.7
	20
	22.9
	26.1
	26.3
	27.6
	41.1
	56.7

	1987
	24.6
	36.7
	56.7
	73.9
	93.9
	110.1
	128.5
	180.8
	188.7


An intensity of 40mm/hr corresponds to 120 mm in 3hr.  In the 14 years of record for a 120 min duration this depth was exceeded in 3 years (1977, 1984, 1987) so exceedence probability estimated using relative frequency is 3/14 = 0.21.   

Define event A to be the event that the rainfall rate exceeds 100 mm/hr in the first 30 min, i.e. 50 mm falls in the first 30 min.  In the data above this occurs 4 times (1977, 1981, 1984, 1987) so using relative frequency Pr(A)=4/14.  Define event B to be the event that the rainfall rate exceeds 100 mm/hr over an hour.  In the data above this occurs 3 times (1977, 1984, 1987) so using relative frequency Pr(B)=3/14.  The problem says to assume that P(A|B)=1.  
The probability that 100 mm or more will fall in an hour given that the rate for the first half hour exceeded 100 mm/hr is represented by P(B|A).

We have from conditional probabilities
Pr(AB)=Pr(A|B)Pr(B)=Pr(B|A)Pr(A)
Therefore

Pr(B|A)=Pr(A|B)Pr(B)/Pr(A)  (Bayes theorem)

= 1*(3/14)/(4/14)= 0.75.

Kottegodda & Rosso 2.10) 
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1) 
The plant will be incapable of supplying the required amount of energy when Q<Q0, event A above and Q> Q1, event B above.  The events A, Q<Q0 and B, Q> Q1 are mutually exclusive so the probability that the plant in incapable of supplying the required energy =P(Q<Q0) + P(Q>Q1) = 0.1+0.05=0.15

Total number of days the plant will be incapable of supply = 0.15*365 ~ 55 days

2) 

The probability that the flow will exceed the design flow, is event D above (Q>QD).  This occurs 274 days on average, so P(D) = 274/365 =0.75
The plant working at full capacity is event C above (QD<Q<Q1).  Events C and B are mutually exclusive and D=B+C, so P(D)=P(B)+P(C), therefore P(C)=P(D)-P(B)=0.75-0.05=0.7. 
3)

The probability that the plant will fulfill its minimum target is event E above (Qo<Q<Q1).  From the sample space above events A, E and B are mutually, exclusive and collectively exhaustive, i.e. they cover all possibilities.  So 
P(A)+P(E)+P(B)=1

Therefore

P(E)-1-P(A)-P(B)=1-0.1-0.05=0.85
Kottegodda & Rosso 2.22) 

MATLAB script:

%  Matlab solution to Exercise 2.22 from Kottegoda and Russo illustrating

%  Bayes theorem

% Prior probabilities corresponding to each state (Concrete quality 35-40,

% 40-45, 45-50, and 50-60 N.mm2)

p0=[0.2 0.3 0.4 0.1]

p0 = 

    0.2000    0.3000    0.4000    0.1000

% Conditional probabilities based on core tests with outcomes z1, z2, z3,

% z4 that are predictors of the state

cp=[0.7 0.2 0.1 0.0;0.2 0.6 0.2 0.1;  0.1 0.1 0.6 0.2;0.0 0.1 0.1 0.7 ]

% Note that the columns of this matrix must sum to 1 but the rows do not

% have to.  This is because the test outcomes z1, z2, z3, z4 are a set of

% mutually exclusive, collectively exhaustive events in the sample space.

% This means that given a test you have to get one and only one outcome,

% either z1, z2, z3 or z4

%  The outcome from the first test was z1=41 belong to the SECOND state.

% What does this tell us about the strength of the concrete (the state)

outcome=2

for i=1:4

    % This is Bayes rule

    p1(i)=cp(outcome,i)*p0(i)/(sum(cp(outcome,:).*p0))

end

p1 =

    0.1290    0.5806    0.2581    0.0323

% The vector p1 after this gives the posterior probabilities of the states

% The outcome from the second test was z2= 49 belong to the THIRD state. 

% What additional does this tell us about the strength of the concrete.  

% Note that the prior probabilities

% for this case are taken as the posterior probabilities from test 1, i.e.

% there is updating

outcome=3

for i=1:4

    % This is Bayes rule

    p2(i)=cp(outcome,i)*p1(i)/(sum(cp(outcome,:).*p1))

end

p2 =

    0.0556    0.2500    0.6667    0.0278

% The vector p2 after this gives the posterior probabilities after two

% tests

% The outcome from the third test was z3= 44 belong to the SECOND state. 

% What additional does this tell us about the strength of the concrete.  

% Note that the prior probabilities

% for this case are taken as the posterior probabilities from test 2, i.e.

% there is updating

outcome=2

for i=1:4

    % This is Bayes rule

    p3(i)=cp(outcome,i)*p2(i)/(sum(cp(outcome,:).*p2))

end

p3 =

    0.0374    0.5047    0.4486    0.0093

%The vector p3 after this gives the posterior probabilities after three

% tests
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