CEE6110 Probabilistic and Statistical Methods in Engineering

Homework 10.  Local Regression
Fall 2006 Solution
1. Read the data
gsl=xlsread('gsldata.xls');

ind=isfinite(gsl(:,7).*gsl(:,11));  % Index to avoid missing data
yr=gsl(ind,1);

qbear=gsl(ind,7);

dvol=gsl(ind,11)-gsl(ind,10);
plot(qbear,dvol,'.')  
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kep.m

% Epanechnikov Kernel 

function k=kep(x)

k=(abs(x)<1).*0.75.*(1-x.*x);

end

plot(-2:0.1:2,kep(-2:0.1:2))  
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One dimensional kernel smoothing

lambda=0.6*range(qbear);

x=(0:100)*5e7;

for i=1:length(x)

    fhatx1(i)=sum(kep((qbear-x(i))/lambda).*dvol)/sum(kep((qbear-x(i))/lambda));

end;
lambda=0.3*range(qbear);

for i=1:length(x)

    fhatx2(i)=sum(kep((qbear-x(i))/lambda).*dvol)/sum(kep((qbear-x(i))/lambda));

end;

plot(qbear,dvol,'.')
line(x,fhatx1)
line(x,fhatx2,'color','red')
[b,bint,r,rint,stats] = regress(dvol,[ones(length(qbear),1),qbear]);

line(x,b(1)+b(2)*x,'color','black')
legend('data','lambda=0.6*range','lambda=0.3*range','global linear regression','Location','south');  
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data

lambda=0.6*range

lambda=0.3*range

global linear regression

  

b)  Residual sum of squares

lambda=0.6*range(qbear);

x=qbear;
clear fhatx
for i=1:length(x)

    fhatx(i)=sum(kep((qbear-x(i))/lambda).*dvol)/sum(kep((qbear-x(i))/lambda));

end;

rss=mean((fhatx'-dvol).^2)  
rss =

  2.2638e+018  
lambda=0.3*range(qbear);

x=qbear;

clear fhatx

for i=1:length(x)

    fhatx(i)=sum(kep((qbear-x(i))/lambda).*dvol)/sum(kep((qbear-x(i))/lambda));

end;
rss=mean((fhatx'-dvol).^2)   
rss =

  1.2667e+018  

Regression residual

mean(r.^2)  
ans =

  9.5505e+017  
The residual sum of squares of each solution are:

(=0.6:  2.26 x 1018
(=0.3:  1.26 x 1018
linear:   0.955 x 1018
In terms of residual sum of squares the linear fit is still better. This is also evident in the figure

c)  Estimates at qbear=0.75 x 109 and 2 x 109.  
clear fhatx1; clear fhatx2;

lambda=0.6*range(qbear);

x=[0.75e9,2e9];

for i=1:length(x)

    fhatx1(i)=sum(kep((qbear-x(i))/lambda).*dvol)/sum(kep((qbear-x(i))/lambda));

end;

lambda=0.3*range(qbear);

for i=1:length(x)

    fhatx2(i)=sum(kep((qbear-x(i))/lambda).*dvol)/sum(kep((qbear-x(i))/lambda));

end;

fhatx1

fhatx2

b(1)+b(2)*x(1)
b(1)+b(2)*x(2)  
fhatx1 =

  1.0e+008 *

   -3.1226    1.7593

fhatx2 =

  1.0e+008 *

   -8.5260    6.3131

ans =

 -1.5155e+009

ans =

  9.7729e+008  
Estimates are 
	
	At 0.75 x 109 
	At 2 x 109 

	(=0.6
	-3.12 x 108
	1.76x 108

	(=0.3
	-8.58 x 108
	6.31x 108

	linear
	-15.1 x 108
	9.77x 108


2.  One dimensional local linear regression

a)
lp1.m

% Local linear regression function, Epanechnikov kernel

function [yo,L]=lp1(xo,x,y,lambda)

% xo are the target values at which local regression is to be evaluated

% x are the explanatory variable values

% y are the response variable values

% lambda is the kernel window width

B=[ones(length(x),1),x] ; %  Regression matrix

for i=1:length(xo)  %  loop for each point where we are doing the local regression

    Wx=diag(kep((x-xo(i))./lambda)) ; % Local regression weights

    D=B'*Wx*B;

    bxo=[1,xo(i)];

    L(i,:)=bxo*(D\B')*Wx;

    yo(i)=L(i,:)*y;

end

Evaluating for lambda=0.3, lambda=0.6 and global linear  
% Scale the data by a factor of 10^7 to avoid ill conditioned matrices

sc=1e7;

qbearsc=qbear/sc;

dvolsc=dvol/sc;
lambda=0.3*range(qbearsc);

x=(0:100)*5;  % a series of x values
[fhatx1,L]=lp1(x,qbearsc,dvolsc,lambda);

plot(qbearsc,dvolsc,'.')

line(x,fhatx1,'color','red')   
lambda=0.6*range(qbearsc);

[fhatx2,L]=lp1(x,qbearsc,dvolsc,lambda);

line(x,fhatx2,'color','green')  
[b,bint,r,rint,stats] = regress(dvolsc,[ones(length(qbearsc),1),qbearsc]);

line(x,(b(1)+b(2)*x),'color','black')
legend('data','lambda=0.3*range','lambda=0.6*range','global linear regression','Location','south');  
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global linear regression

  

b)  Residuals  
lambda=0.6*range(qbearsc);

fhat=lp1(qbearsc,qbearsc,dvolsc,lambda);
rss06=mean(((fhat)'-(dvolsc)).^2);

lambda=0.3*range(qbearsc);

fhat=lp1(qbearsc,qbearsc,dvolsc,lambda);

rss03=mean(((fhat )'-(dvolsc )).^2);
fhatL=(b(1)+b(2)*(qbearsc));

rssLinear=mean(((fhatL' )'-(dvolsc )).^2);

rss06

rss03
rssLinear  
rss06 =

  9.2437e+003

rss03 =

  8.2979e+003

rssLinear =

  9.5505e+003  
The residual sum of squares of each solution are (for the scaled variables):

(=0.6:  9.2 x 103
(=0.3:  8.2 x 103
linear:   9.55 x 103
Note that with local linear regression the residual sum of squares is smaller for the local estimates as compared to the kernel smooths that had larger rss.

c)  Estimates at qbear=0.75 x 109 and 2 x 109.  These correspond to scaled values of 75 and 200
clear fhatx1; clear fhatx2;

x=[75, 200];

fhatx1=(lp1(x,qbearsc,dvolsc,0.6*range(qbearsc)))
fhatx2=(lp1(x,qbearsc,dvolsc,0.3*range(qbearsc)))

fhatL=(b(1)+b(2)*x) 
fhatx1 =

 -157.1873   98.4477

fhatx2 =

 -184.0620   92.9814

fhatL =

 -151.5550   97.7288  

Estimates are (all numbers need to be x 107 to get m2)
	
	At 75 
	At 200 

	(=0.6
	-157 
	98.5

	(=0.3
	-184 
	93 

	linear
	-151 
	97.7


In this case the local regression estimates are much more comparable to the global regression estimates.
d)  Equivalent kernel weights 

[fhatx2,L]=lp1(x,qbearsc,dvolsc,0.3*range(qbearsc)) ;
plot(qbearsc,L(1,:),'.')

hold on

plot(qbearsc,L(2,:),'.','color','red')
legend('75','200')  
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Note how the equivalent kernel weights are not centered over the point of estimate.  They can also be negative in cases.

3.  Cross validation

Developing the cross validation methodology for a single lambda

lambda=0.6*range(qbearsc);

K=5      % The number of partitions

N=length(qbearsc)

starts=floor((0:(K-1))/K*N)+1    % the start and end points of the partitions

ends=floor((1:K)/K*N)

clear res

ind=1:N;
plot(qbearsc,dvolsc,'.')
for k = 1:K


train=(ind <starts(k) | ind >ends(k))
;
%  The training data


test=starts(k):ends(k)
;
%   The test data


xtrain=qbearsc(train);

    ytrain=dvolsc(train);

    xtest=qbearsc(test);

    ytest=dvolsc(test);

    yhat=lp1(xtest,xtrain,ytrain,lambda);

% predictions on test data



res(test)=ytest-(yhat)';  %  Residuals – save for the test data
[xs,order]=sort(xtest);

line(xs,yhat(order));
end

%  mean square error of residuals from all partitions

cvmse=mean(res.^2)  
K =

     5

N =

    44

starts =

     1     9    18    27    36

ends =

     8    17    26    35    44

cvmse =

  1.2322e+004
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The lines show the test dataset predictions for training dataset fit.
alpha=0.5:0.05:1;
for i=1:length(alpha)

lambda(i)=alpha(i)*range(qbearsc);
K=5 ;     % The number of partitions

N=length(qbearsc);
starts=floor((0:(K-1))/K*N)+1;    % the start and end points of the partitions

ends=floor((1:K)/K*N);
clear res

ind=1:N;

for k = 1:K


train=(ind <starts(k) | ind >ends(k))
;
%  The training data


test=starts(k):ends(k)
;
%   The test data


xtrain=qbearsc(train);

    ytrain=dvolsc(train);

    xtest=qbearsc(test);

    ytest=dvolsc(test);

    yhat=lp1(xtest,xtrain,ytrain,lambda(i));

% predictions on test data



res(test)=ytest-(yhat)';  %  Residuals – save for the test data

end

%  mean square error of residuals from all partitions

cvmse(i)=mean(res.^2);  % 

%cvmse(i)=mean(res(isfinite(res)).^2)  % Guard against NaN's due to ill conditioning 
end
plot(lambda,cvmse)
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The values of cvmse are

cvmse  
cvmse =

  1.0e+005 *

  Columns 1 through 8 

    8.5700    0.1561    0.1232    0.1215    0.1253    0.1267    0.1249    0.1240

  Columns 9 through 11 

    0.1231    0.1214    0.1203  

b)  The minimum is the last value that corresponds to (=range(qbearsc)  
ans =

  412.5871  

Evaluating for lambda=1 x range(qbear)

lambda=range(qbearsc);

x=(0:100)*5;

[fhatx1,L]=lp1(x,qbearsc,dvolsc,lambda);

plot(qbearsc,dvolsc,'.')

line(x,fhatx1,'color','red')  

lambda=0.6*range(qbearsc);

line(x,(b(1)+b(2)*x) ,'color','black')   
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The local and global regression are very similar

c)  Residual sum of squares

fhat=lp1(qbearsc,qbearsc,dvolsc,lambda);

rss1=mean(((fhat)'-dvolsc).^2)  
rss1 =

  9.2437e+003  

This RSS is less than the cross validation estimate (12 x 103) because of optimism in the training error rate.  The cross validation estimate is a better estimate of the true error since it used out of sample validation.

d)  Estimates for qbearsc=75 and 200  (scaled by 107)
clear fhatx1; 

x=[75, 200];

fhatx1=(lp1(x,qbearsc,dvolsc,range(qbearsc)))  
fhatx1 =

 -152.9809   98.1885  

Estimates are 
	
	At 75 
	At 200 

	(=1
	-153
	98.2

	linear
	-151 
	97.7
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