CEE6110 Probabilistic and Statistical Methods in Engineering

Homework 4.  Multiple Random Variables
Fall 2006, Solution

Assignment

1. KR problem 3.14

It is given that the head loss H = kV2 where, V is the velocity.
Velocity V has a symmetrical triangular probability distribution defined as shown below. The height of the traingle is denoted by a. 
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The area of the triangle is equal to one.  Using this information, the parameter, a can be calculated as,
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the slope of the straight line equation, fV(v) between v1 and p is, 
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and the intercept c is given by,
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The pdf fV(v) over the first interval is therefore: 
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Similarly over the second interval the pdf is
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and for completeness outside this interval
fV(v) = 0 
The pdf of the head loss, H is given by,
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and, 
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For the first interval 
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(2)
Similarly for the second interval interval 
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v1 and v2 can be expressed in terms of H1 and H2 as, 
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and, 
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 where L=H2-H1.
Substituing these into the equations above results in:  
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fH(h) = 0 elsewhere.

2. KR problem 3.16

a) Bivariate pdf is given by fX,Y(x,y)=kxy   for 10,000 < x < 100,000 and 10 < y < 20.

A pdf has to integrate to 1.
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Thererfore 
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Evaluating in Matlab
(10^10-10^8)/2*(400-100)/2  

ans =

  7.4250e+011  

k=1/7.425e11  

k =

  1.3468e-012  

Marginal PDF of x
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  for 10,000 < x < 100,000 

Marginal PDF of y
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k*(10^10-10^8)/2  

ans =

    0.0067  

fY(y) =0.0067 y   for 10 < y < 20 

3. KR problem 3.22

a)  The joint density function is given by 
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This separates to
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From this we can infer that X1 and X2 are independent each with density function
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For this to be a density function it needs to integrate to 1
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Therefore a=b2.

b)  This is an exponential distribution.  It has mean given by (setting a=b2)


[image: image34.wmf]ò

ò

¥

=

=

m

0

x

b

-

X

dx

xbe

dx

)

x

(

xf


This can be integrated using the (hopefully familiar) integration by parts formula
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Setting f(x)=x and g'(x)=be-bx
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The parameter b (and therefore a) can be estimated in practice by taking the inverse of the mean of sample data.
c)  Integrating fX(x) we get the CDF
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The probability of failure of one unit in a year is given by Pr(x ≤ 365)=1-e-365b.  In (a) above we deduced that X1 and X2 are independent, so the probability of both failing in a year is (1-e-365b)2.
4. KR problem 3.23

In problem 3.22 we deduced that the time to failure of each plant was independent of the other plant and had pdf given by 


[image: image38.wmf]bx

X

be

)

x

(

f

-

=

  for X=X1 or X2
The time to failure is therefore Y=X1+X2, and we need to find FY(365) to find the probability of failure within a year.  Using equation 3.4.8 the pdf of Y is the convolution intgral
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Note that the limits on the integral when we substitute in the formula fX(x)=be-bx change to between 0 and y because fX(x) is 0 for x less than 0, so the lower limit is 0 and the upper limit is y because for x > y, y-x < 0 in the first function.
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This can be recognized as a gamma distribution so the answer could be expressed in terms of the incomplete gamma function.  However it is explicitly evaluated here.
The CDF of y is therefore
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Integrating by parts as above
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The probability of the plant being inoperative in 1 year is therefore


FY(365)=1-e-365b-365be-365b

5.  KR problem 2.25
We will first find the relationship between a and b by equating the double integral of the pdf to one.
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Integrating by parts as above
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and integrating by parts again (you are well rehearsed at this by now)
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(1)
Therefore
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The question was ambiguous because it wrote "determine the probability that the time spent on the earthwork is greater than or equal to 1.5 times that on the earthwork", but did not define what earthwork was.  I interpreted this as to determine the probability that the time spent on substructure and conduit is 1.5 times that on the dam itself, or the probability that the random variable X1 is greater than or equal to 1.5 times X2, i.e. P[X​1≥1.5X2].  The sample space is:
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This is integrated as follows using repeated integration by parts:
P[X​1≥1.5X2] =
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But, a=b4

Therfore, P[X1≥1.5X2] 
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fV(v)





a=2/ (v2 -v1)





p=(v1+v2)/2





v1





v1





fV(v)=mv+c





fV(v)=-mv-c
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