CEE6110 Probabilistic and Statistical Methods in Engineering

Homework 6.  Non Parametric Density Estimation and Model Estimation and Testing 
Fall 2006, Solution
1.  Kernel Density Estimates

a)Bear rainfall distribution fitting for June (my birthday month)
tt=textread('Bear_datasets_month.txt','','headerlines',6);
q=tt(find(tt(:,2)==6),4);  % This finds the contents of column 4, precipitation, when the contents of column 2, month are 6 (June).

bin=10;

x=0:bin:130;

xh=x+bin/2;

[n]=histc(q,x);

bar(xh,n/length(q)/bin,1,'FaceColor','none')   % Density

xlabel('June Precip mm'); ylabel('density');   

line(q,q.*0,'Linestyle','none','Marker','.','Markersize',14)

xi=0:130;  % Specify the points at which we want the density function evaluated

[f,xi,w]=ksdensity(q,xi);

line(xi,f)  % Add line to existing graph

w   % w is the window width used by Matlab.  This is a Normal distribution reference according to the help file.  
w =

   12.4421
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Evaluate the Silverman reference window width.  
np=length(q)  % Number of data points

h=0.9*np^(-0.2)*min(std(q),iqr(q)/1.34)  % Silverman equation 3.31  
np =

    52

h =

   10.7533  

The Window width chosen by Matlab (12.44) is a bit bigger than the Silverman one.

b) 

bar(xh,n/length(q)/bin,1,'FaceColor','none')   % Density

xlabel('June Precip mm'); ylabel('density');   

line(q,q.*0,'Linestyle','none','Marker','.','Markersize',14)

xi=0:130;  % Specify the points at which we want the density function evaluated

[f,xi,w]=ksdensity(q,xi);

line(xi,f)  % Add line to existing graph

f=ksdensity(q,xi,'width',w*0.5);

line(xi,f,'color','red')
f=ksdensity(q,xi,'width',w*1.5);

line(xi,f,'color','green')  
[image: image2.emf]5 15 25 35 45 55 65 75 85 95 105 115 125 135

0

0.005

0.01

0.015

0.02

0.025

June Precip mm

density

 
The larger Window widths result in smoother density estimates.  For this data I prefer something a bit less than the Matlab window width to capture a bit more detail in the data.
c) Variable window width kernel density estimate based on nearest neighbors.  This is the estimator used in Tarboton, 1994.

Matlab function to evaluate Gaussian kernel

kg.m  
% Gaussian Kernel 

function k=kg(x)

k=exp(-x .* x ./2)/sqrt(2*pi);

end
Matlab function to evaluate variable window width kernel density estimate.

vbwden.m

% Function to evaluate a variable bandwidth KDE

function den=vbwden(xx,xi,h)

% xx is the input data

% xi are the locations where the density is evaluated

% h is thebandwidth for each data point, either a constant or vector

%

nx=length(xi);

np=length(xx);

kernelstosum=zeros(np,nx);

for i=1:np

   ktemp=kg((xi-xx(i))./h(i));

   kernelstosum(i,:)=ktemp./(h(i)*np);

end; 

den=sum(kernelstosum);   

Matlab function to evaluate nearest neighbor distances.

dknn.m

% Function to evaluate distance to kth nearest neighbor from point i

function dk=dknn(x,k,xt)

for i=1:length(xt)

for j=1:length(x)

    d(j)=abs(xt(i)-x(j));

end;

di=sort(d);

dk(i)=di(round(k));

end;

Evaluate the Silverman reference window width and number of nearest neighbors, k, to use.

np=length(q)  % Number of data points

alpha=0.9*np^(-0.2)*min(std(q),iqr(q)/1.34)  % Silverman equation 3.31

k=np^0.8  % Used by Tarboton 1994 based on suggestions from Lall.  
np =

    52

alpha =

   10.7533

k =

   23.5941  

dk=dknn(q,k,q);  % Nearest neighbor distances

h=dk*alpha/geomean(dk);  %variable window widths.  Note the scaling by geometric mean.  This scaling is missing in equation A2 in Tarboton, 1994.

fvar=vbwden(q,xi,h);

bar(xh,n/length(q)/bin,1,'FaceColor','none')   % Density

line(xi,fvar);

line(q,q.*0,'Linestyle','none','Marker','.','Markersize',14)

xlabel('June Precip mm'); ylabel('density');   
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Differences between this and the fixed window width approach are quite subtle.

d) Least Squares Cross Validation approach given in Silverman pages 48-50 using Gaussian kernels
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  (Silverman 3.35)
The first term, which I will refer to as the square term 'sqterm' is evaluated using Silverman 3.37
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In the above I have expressed K(2) in terms of the regular Gaussian kernel K with variance 2, i.e. standard deviation 
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The second term in Mo(h) which I will refer to as the cross term 'xterm' is evaluated using Silverman 3.38
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The following Matlab function implements the LSCV score calculation

lscvscore.m

% Function to the LSCV score following Silverman pages 48-58

function moh=lscvscore(x,h)

% x is the input data

% h is the bandwidth

n=length(x);

sqterm=0;

xterm=0;

for i=1:n

    sqterm=sqterm+sum(kg((x-x(i))/(sqrt(2)*h)))/sqrt(2);   %  The sqrt(2) factors are for 

    % the K(2) term which is

    % equivalent to a kernel with variance of 2 that is the convolution of 2

    % gaussian kernels.  

    xterm=xterm+sum(kg((x-x(i))/h));

end;

sqterm=sqterm/(n*n*h);

xterm=2*(xterm/(n*(n-1))-kg(0)/(n-1))/h;

moh=sqterm-xterm;

[f,xi,w] = ksdensity(q,xi);  % This sets the variable w to the matlab reference

htry=(0.2:0.05:1.5).*w;   % Search over a range from 0.2 to 1.5 times the matlab reference

for i=1:length(htry)

    moh(i)=lscvscore(q,htry(i));

end

plot(htry,moh)  
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The optimum is at

hopt=htry(find(moh <=min(moh)))  
hopt =

    9.9537  

Plot the density function with this optimum.

bar(xh,n/length(q)/bin,1,'FaceColor','none')   % Density

[f,xi]=ksdensity(q,xi,'width',hopt);

line(xi,f)

line(q,q.*0,'Linestyle','none','Marker','.','Markersize',14)

xlabel('June Precip mm'); ylabel('density');  
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Note that this is slightly less smooth than the density estimate using Matlab's reference window width.

f)  In my opinion for this data the Gamma distribution was the best parameteric distribution fit, and the Variable Kernel window width estimate the best nonparametric distribution fit.  These are shown below.
dk=dknn(q,k,q);  % Nearest neighbor distances

h=dk*alpha/geomean(dk);  %variable window widths.  Note the scaling by geometric mean.  This scaling is missing in equation A2 in Tarboton, 1994.

fvar=vbwden(q,xi,h);

bar(xh,n/length(q)/bin,1,'FaceColor','none')   % Density

line(xi,fvar);

line(q,q.*0,'Linestyle','none','Marker','.','Markersize',14)

xlabel('June Precip mm'); ylabel('density');   

% Gamma distribution

pgam=gamfit(q);
line(xi,gampdf(xi,pgam(1),pgam(2)),'color','green')  
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The differences are quite subtle, but the Kernel estimate does a somewhat better job of representing the dip in the data from 25 to 35.  The tails of the Kernel estimate are fatter, and in this case extend unrealistically into the negative domain (not shown).  There are Kernel methods for dealing with the boundary problem, but these have not been used here.
2.  KR 5.2.
a)  Use t distribution given on page 249.

Confidence limits are 
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  (KR page 250)
x=[2437 2437 2425 2427 2428 2448 2456 2436 2435 2446 2441 2456 2444 2447 2433 2429 2435 2471 2472 2445];

xbar=mean(x)

sdev=std(x)

n=length(x)

v=n-1  % Degrees of freedom
t1=tinv(0.025,v)

t2=tinv(0.975,v)  

xbar =

  2.4424e+003

sdev =

   13.3077

n =

    20

v =

    19

t1 =

   -2.0930

t2 =

    2.0930  

Limits

xbar+t1*sdev/sqrt(n)

xbar+t2*sdev/sqrt(n)  

ans =

  2.4362e+003

ans =

  2.4486e+003  

2436 < ( < 2449
b) Population std deviation is given as 16.  Now use the normal distribution

z1=norminv(0.025,0,1)
z2=norminv(0.975,0,1)  
z1 =

   -1.9600

z2 =

    1.9600  

Limits

xbar+z1*16/sqrt(n)

xbar+z2*16/sqrt(n)  

ans =

  2.4354e+003

ans =

  2.4494e+003  
2435 < ( < 2449
(These are larger than with the t-test because the given std deviation is larger than the sample data.)

3.  KR 5.5.  The variance is (2 distributed.  Equation 5.3.14b gives the confidence limits on the variance.
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Note that Kottegoda and Rosso in chapter 5 use the convention that 
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 represent the variates that are exceeded with probability (/2, and 1-(/2 respectively.  Therefore when using the matlab chi2inv(a,v) function that works with cumulative rather than exceedence probabilities (/2=0.05/2, corresponds to a=1-(/2=0.975.
ch1=chi2inv(0.975,v)

ch2=chi2inv(0.025,v)  

ch1 =

   32.8523

ch2 =

    8.9065  

Limits
(n-1)*sdev^2/ch1

(n-1)*sdev^2/ch2  

ans =

  102.4220

ans =

  377.7908  
102 < (2 < 378
This is quite a large range.  Estimating the variance is less certain than estimating the mean.  Note that this range includes 162 =256 used in 5.2b.

4.  KR 5.10.  

a)  Standard deviation is given (i.e. known) so use equation 5.4.6
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Here Ho:  (1=(2

Alternate (2<(1
So the test statistic simplifies to
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Evaluating.  First half of data is up to 1947.  Second half of data is 1948 on.

x1data=[1092 1099 1440 1083 1621 1132 935 1540 1966 775 1166 843 1508 1876 1696 1690 2730 1440 985 1346 1553 1370 743 1340 896 1600 2190]; 

x2data=[1600 714 794 1460 1240 1230 1270 861 1355 612 822 1370 1380 510 810 735 259 1290 1325 528 622 355 468 472 664 717 950];  
sdev=450

n1=length(x1data)

n2=length(x2data)

x1=mean(x1data)

x2=mean(x2data)

z=(x1-x2)/sqrt(sdev^2*(1/n1+1/n2))  
sdev =

   450

n1 =

    27

n2 =

    27

x1 =

  1.3946e+003

x2 =

  904.1852

z =

    4.0045  

normcdf(z)  
ans =

    1.0000  
Therefore p=1-normcdf=0, so at any level, including the 0.05 level we reject the null hypothesis and accept the alternate hypothesis that (2<(1.
b)  Variance unknown but assumed to be equal.  The test statistic is the T statistic given in equation 5.4.9 (simplified since under the null hypothesis (1=(2)
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Evaluating

s1=std(x1data)

s2=std(x2data)

t=(x1-x2)/sqrt((n1-1)*s1^2+(n2-1)*s2^2)*sqrt((n1+n2-2)*n1*n2/(n1+n2))
v=n1+n2-2

tcdf(t,v)  
s1 =

  457.9437

s2 =

  385.5291

t =

    4.2572

v =

    52

ans =

    1.0000  

As with (a) p=1-tcdf=0, so at any level, including the 0.05 level we reject the null hypothesis and accept the alternate hypothesis that (2<(1.

c)  Variances assumed to be different and estimated separately.  The test statistic is the T statistic given in equation 5.4.10 (simplified since under the null hypothesis (1=(2)
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with degrees of freedom given by 5.4.11
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s12n=s1^2/n1;
s22n=s2^2/n2;
t=(x1-x2)/sqrt(s12n+s22n)

v=(s12n+s22n)^2/(s12n^2/(n1-1)+s22n^2/(n2-1))
tcdf(t,v)  

t =

    4.2572

v =

   50.5319

ans =

    1.0000  

As with (b) p=1-tcdf=0, so at any level, including the 0.05 level we reject the null hypothesis and accept the alternate hypothesis that (2<(1.

d)  Use the F test described in KR page 269 and example 5.21 page 270.

Null hypothesis H0:  (1=(2.

2. Alternative hypothesis H1:  (2≠(1.

3. Test statistic
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   (Equation 5.4.14)

With H0, (1=(2.this simplifies to
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This is distributed according to the F distribution with n1-1 (numerator) and n2-1 (denominator) degrees of freedom.  With (=0.01, the two sided test limits (because we are not predisposed to be testing for an increase or decrease in variance) are 
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alpha=0.01

Flower=finv(alpha/2,n1-1,n2-1)

Fupper=finv(1-alpha/2,n1-1,n2-1)

Ftest=s1^2/s2^2  
alpha =

    0.0100

Flower =

    0.3527

Fupper =

    2.8352

Ftest =

    1.4109  
Since the test statistic is between the limits calculated we can not reject the null hypothesis and conclude that the change in variance is not significant at the 0.01 level.

Evaluating the F distribution CDF value
Fval=fcdf(Ftest,n1-1,n2-1)  
Fval =

    0.8071  

The probability of F exceeding the test value of 1.41 is 0.8.  Therefore the p value associated with this significance test (two sided) would be

p=(1-Fval)*2  
p =

    0.3858  
So the test would only be significant if we are willing to accept a 0.39 probability of a type 1 error (which we almost never are).
5. KR 5.18.  Enter the data first
do=[8.15 5.45 6.05 6.49 6.11 6.46 6.22 6.05 6.3 6.53 6.74 6.9 7.05 7.19 7.55 6.92 7.11 7.28 7.44 7.6 7.28 7.44 7.59 7.73 7.85 7.97 8.09 8.19 8.29 8.38 8.46 8.54 8.62 8.69 8.76 9.26 9.31 9.35];
bod=[2.27 4.41 4.03 3.75 3.37 3.23 3.18 4.08 4 3.92 3.83 3.74 3.66 3.58 3.16 3.43 3.36 3.3 3.24 3.19 3.22 3.17 3.13 3.08 3.04 3 2.96 2.93 2.89 2.86 2.82 2.79 2.76 2.73 2.7 2.51 2.49 2.46];

plot(do,bod,'.')  
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We need to get the ranks of the data.  The sort function does this.

[dos,ido]=sort(do)

[bods,ibod]=sort(bod)  
dos =

  Columns 1 through 7 

    5.4500    6.0500    6.0500    6.1100    6.2200    6.3000    6.4600

  Columns 8 through 14 

    6.4900    6.5300    6.7400    6.9000    6.9200    7.0500    7.1100

  Columns 15 through 21 

    7.1900    7.2800    7.2800    7.4400    7.4400    7.5500    7.5900

  Columns 22 through 28 

    7.6000    7.7300    7.8500    7.9700    8.0900    8.1500    8.1900

  Columns 29 through 35 

    8.2900    8.3800    8.4600    8.5400    8.6200    8.6900    8.7600

  Columns 36 through 38 

    9.2600    9.3100    9.3500

ido =

  Columns 1 through 12 

     2     3     8     5     7     9     6     4    10    11    12    16

  Columns 13 through 24 

    13    17    14    18    21    19    22    15    23    20    24    25

  Columns 25 through 36 

    26    27     1    28    29    30    31    32    33    34    35    36

  Columns 37 through 38 

    37    38

bods =

  Columns 1 through 7 

    2.2700    2.4600    2.4900    2.5100    2.7000    2.7300    2.7600

  Columns 8 through 14 

    2.7900    2.8200    2.8600    2.8900    2.9300    2.9600    3.0000

  Columns 15 through 21 

    3.0400    3.0800    3.1300    3.1600    3.1700    3.1800    3.1900

  Columns 22 through 28 

    3.2200    3.2300    3.2400    3.3000    3.3600    3.3700    3.4300

  Columns 29 through 35 

    3.5800    3.6600    3.7400    3.7500    3.8300    3.9200    4.0000

  Columns 36 through 38 

    4.0300    4.0800    4.4100

ibod =

  Columns 1 through 12 

     1    38    37    36    35    34    33    32    31    30    29    28

  Columns 13 through 24 

    27    26    25    24    23    15    22     7    20    21     6    19

  Columns 25 through 36 

    18    17     5    16    14    13    12     4    11    10     9     3

  Columns 37 through 38 

     8     2  

The first output of the sort function (vectors dos and bods) gives the sorted data.  The second output (ido and ibod) are vectors of indices for sorting the original data.  Specifically ido(1) =2 means that the smallest do value is do(2).  The third index, ido(3)=8 means that do(8) is the third smallest.  Ranks can be obtained from these indices by setting the rank associated with each item to a counting sequence
n=length(do)

dor(ido)=1:n
bodr(ibod)=1:n
n =

    38

dor =

  Columns 1 through 12 

    27     1     2     8     4     7     5     3     6     9    10    11

  Columns 13 through 24 

    13    15    20    12    14    16    18    22    17    19    21    23

  Columns 25 through 36 

    24    25    26    28    29    30    31    32    33    34    35    36

  Columns 37 through 38 

    37    38

bodr =

  Columns 1 through 12 

     1    38    36    32    27    23    20    37    35    34    33    31

  Columns 13 through 24 

    30    29    18    28    26    25    24    21    22    19    17    16

  Columns 25 through 36 

    15    14    13    12    11    10     9     8     7     6     5     4

  Columns 37 through 38 

     3     2  

Spearman's rank correlation coefficient is then evaluated using equation 5.5.5
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rs=1-6*sum((dor-bodr).^2)/(n*(n^2-1))  
rs =

   -0.9348  

Note, however that there are data values that are duplicated.  The proper way to handle these in Spearman's rank correlation coefficient is to average the ranks of duplicated data values.  The tiedrank function in matlab does this.

dor = tiedrank(do)

bodr = tiedrank(bod)  
dor =

  Columns 1 through 7 

   27.0000    1.0000    2.5000    8.0000    4.0000    7.0000    5.0000

  Columns 8 through 14 

    2.5000    6.0000    9.0000   10.0000   11.0000   13.0000   15.0000

  Columns 15 through 21 

   20.0000   12.0000   14.0000   16.5000   18.5000   22.0000   16.5000

  Columns 22 through 28 

   18.5000   21.0000   23.0000   24.0000   25.0000   26.0000   28.0000

  Columns 29 through 35 

   29.0000   30.0000   31.0000   32.0000   33.0000   34.0000   35.0000

  Columns 36 through 38 

   36.0000   37.0000   38.0000

bodr =

  Columns 1 through 12 

     1    38    36    32    27    23    20    37    35    34    33    31

  Columns 13 through 24 

    30    29    18    28    26    25    24    21    22    19    17    16

  Columns 25 through 36 

    15    14    13    12    11    10     9     8     7     6     5     4

  Columns 37 through 38 

     3     2  

Accounting for ties, using the output from tiedrank
rs=1-6*sum((dor-bodr).^2)/(n*(n^2-1))   
rs =

   -0.9339  

This has resulted in a small change to the Spearman Correlation Coefficient.

Now, using the matlab built in function
rs=corr(do',bod','type','spearman')  
rs =

   -0.9342  
There is a small difference between the matlab function and direct evaluation of equation 5.5.5 with tiedrank output.  I am not sure why this is the case.  In any event, to 3 significant figures rs=-0.934
Example 1.3 gives the standard correlation as -0.9.  

Also

corr(do',bod')  
ans =

   -0.8976  

These quantities are similar.

6.  Chi-Squared and K-S Tests.

Using June data from homework 5, I had found the gamma distribution to be the best fit
tt=textread('Bear_datasets_month.txt','','headerlines',6);

q=tt(find(tt(:,2)==6),4);  % This finds the contents of column 4, precipitation, when the contents of column 2, month are 6 (June).

bin=10;   % This sets the bin size for the histogram to be plotted

x=0:bin:120;

xh=x+bin/2;

[Oi]=histc(q,x);

bar(xh,Oi/length(q)/bin,1,'w')   % Density

xlabel('mm')

title('June Precipitation')

pgam=gamfit(q)
x2=0:130;

line(x2,gampdf(x2,pgam(1),pgam(2)),'color','black')  
pgam =

    2.4055   16.8544
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The (2 test requires definition of bins and comparison of observed and expected frequencies using
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The array Oi calculated by histc above gives observed frequencies

Ei is evaluated from the CDF and number of samples

nc=length(x)-1;   % number of histogram classes
%  There are 13 x's so nc is 12 and we end up with 12 Ei's
n=length(q)

for i=1:nc
 Ei(i,1)=(gamcdf(x(i+1),pgam(1),pgam(2))-gamcdf(x(i),pgam(1),pgam(2)))*n;
end;

Ei
%  Use only 1:nc of the Oi in the formula.  The last one is zero

X2=sum((Oi(1:nc)-Ei).^2./Ei)

v=nc-3  %  Degrees of freedom nc – 1 – number of parameters estimated

p = chi2cdf(X2,v)  %  looking up the p value in cdf tables
chi2inv(0.025,v)

chi2inv(0.975,v)  
n =

    52

Ei =

    3.2762

    8.4463

    9.6811

    8.6357

    6.8174

    5.0060

    3.5038

    2.3701

    1.5629

    1.0104

    0.6430

    0.4039

X2 =

    7.2474

v =

     9

p =

    0.3886

ans =

    2.7004

ans =

   19.0228  

The (2 statistic is 7.2.  This is between the 0.05 level bounds of 2.7 and 19.0 therefore at the 0.05 level we accept the null hypothesis that the data is from the gamma distribution.  The p value is 2*0.3886=0.7772 (for a 2 sided test).  
Kolmogorov-Smirnov test.

Empirical CDF x values

qs=sort(q);  %  Sort of the original data

n=length(q);
for i=1:n

    x(2*i-1)=qs(i);
    x(2*i)=qs(i);

    Fq(2*i-1)=(i-1)/n;

    Fq(2*i)=i/n;

end;  
Fitted CDF values 

Ffit=gamcdf(x,pgam(1),pgam(2));
plot(x,Fq)

line(x,Ffit,'color','red')  
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Kolmogorov-Smirnov statistic.

Dks=max(abs(Fq-Ffit))  
Dks =

    0.0780  

To properly apply the Kolmogorov-Smirnov test one should have obtained the theoretical distribution independenty.  Here the theoretical distribution was fit from the data, so this test is not strictly valid.  Nevertheless, looking at table C.7, and noting that here n>40 the critical value at the 0.05 level is 
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1.36/sqrt(n)  

n =

    52

ans =

    0.1886  

This is greater than 0.078 so we accept the null hypothesis that the data is from a gamma distribution.  
The lilliefors test for normality is designed to be used when the observations have been used to fit the distribution.  Test statistic values associated with a number of significance levels are given in appendix C table C.8.  For n=52 at the 0.05 level, I interpolate D52,0.05=0.1.  This is greater than 0.078 so the null hypothesis is still accepted.  Note however that this test assumes normality, so is strictly not valid here since we are testing a gamma distribution.
Using the built in matlab function

[Dks,p,k,c]=kstest(q,[qs,gamcdf(qs,pgam(1),pgam(2))])  
Dks =

     0

p =

    0.8975

k =

    0.0780

c =

    0.1848  
k=0.078 verifies our calculations above.  p=0.89 also verifies our acceptance of this fit.  
The matlab lillietest function can not be used to account for the fact that the data were used to fit the distribution being tested, because it does not have the capability to accept an input distribution other than a normal distribution and the distribution we fit was not a normal distribution.  One could use the gamma distribution we fit to transform the data to a normal distribution and use the lillietest function, but that is another subject for another day.
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